The aim of this short paper is to identify a reasonably large class of TQ-local algebras over a spectral operad O. Here TQ is short for topological Quillen homology, which is weakly equivalent to the stabilization of an Oalgebra. Our main result is that a (−1)-connected O-algebra is TQ-local if it is nilpotent, in the sense that it has a Postnikov tower which admits a principal refinement.
Introduction
We work in the category Alg O of algebras over an operad O in Mod R , the category of R-modules, where R is a commutative monoid in the category of symmetric spectra [31, 42] . Throughout this paper, we will assume: (i) R and O[n] are (−1)connected for each n ≥ 0, (ii) O is reduced, meaning that O[0] = * , and (iii) the natural maps R → O [1] and * → O[n] are flat stable cofibrations [26] in R-modules for each n ≥ 0; see, for instance, [13, 2.1, 6.12] . Throughout this paper, we work with the positive flat stable model structure on Alg O [26, 42] . We have chosen to follow the notations from [13, 26, 27] as closely as possible.
Analogous to localization of topological spaces with respect to homology [8, 10, 29, 43] , we study localization of O-algebras with respect to topological Quillen (TQ) homology. TQ-local O-algebras can be thought of as those objects which only care about or see TQ homology information. As a consequence, a map between TQlocal O-algebras is a weak equivalence if and only if it induces a TQ homology weak equivalence (Proposition 2.3).
It is proved in [27] that every O-algebra X can be approximated by a TQ-local O-algebra LX. However, since the diagram involved in constructing LX is large (compared to say, TQ-completion), it may not be easy to analyze the object LX directly. In this paper, we aim to identify a reasonably large class of TQ-local O-algebras.
Our starting point is the result in [13] that all 0-connected O-algebras are TQcomplete, and hence TQ-local. It is easy to show that the class of TQ-local Oalgebras is closed under taking homotopy fiber and homotopy limit of towers. This suggests studying TQ-local O-algebras via principal Postnikov towers. Our main result is that a (−1)-connected O-algebra is TQ-local if it is nilpotent, in the sense that it has a Postnikov tower which admits principal refinements (Theorem 3.4).
TQ-local O-algebras
Recall that TQ homology and its relative form, topological Andre-Quillen (TAQ) homology (first introduced in [4] for commutative ring spectra following [32] , also see [2, 3, 5, 6, 21, 33, 34, 40, 41] ), are defined as derived indecomposables of Oalgebras analogous to Quillen homology of commutative algebras [1, 39] (also see [19, 24, 20, 37] ). More precisely, factoring the canonical truncation map f : O → τ 1 O [26] in the category of operads as f : O → J → τ 1 O, a cofibration followed by a weak equivalence, we get corresponding change of operads Quillen adjunction We denote TQ n (X) = π n TQ(X). If X is cofibrant, then TQ(X) ≃ U Q(X). The unit of adjunction (Q, U ) induces the Hurewicz map X → U QX ≃ TQ(X).
TQ homology shares many properties analogous to singular homology of topological spaces [26] . It is also known that TQ homology is weakly equivalent to stabilization in the category Alg O [5, 38, 40, 41] .
Localization with respect to homology has been a useful tool in algebraic topology. Analogous to localization of topological spaces [8, 10, 29, 43] , we study TQ localization of O-algebras. Here we follow the definitions from [27] . Also see [8, 15, 18, 36] for general localization techniques.
We say that f is a TQ equivalence if f induces a weak equivalence TQ(A) ≃ TQ(B) on TQ homology. We say that f is a TQ-acyclic strong cofibration if f is a TQ equivalence which is also a cofibration between cofibrant objects. An O-algebra X is TQ-local if it is fibrant and every TQ-acyclic strong cofibration f : A → B induces a weak equivalence
on mapping spaces in sSet. Here we are using the simplicial model structure on
Intuitively, a TQ-local object in Alg O is an O-algebra X which only cares about TQ homology information, since X can not see the difference between TQ-equivalent objects. As a consequence, TQ-equivalent TQ-local objects are also weak equivalent. Proof. If f is a weak equivalence, then it follows from the definition f is a TQ equivalence. Now we assume f is a TQ equivalence. By cofibrant replacement of X followed by a factorization of the resulting composite from X c into Y , there is a commutative diagram of the form 
Same idea shows there is a unique (up to homotopy) lift for each of the following diagrams
Hence ba ≃ id, ab ≃ id. Then a, b are weak equivalences [16, 23] . This implies f c is a weak equivalence. Also see [30] for analogous arguments.
One can also characterize TQ-local objects by lifting property. 
Proof. (a) This is true since taking mapping spaces Hom(A, −) preserve weak equivalence between fibrant objects. (b) Let · · · → X 2 → X 1 → X 0 → * be a tower of fibrations where each X n is TQ-local. Then the homotopy limit of this tower is also TQ-local.
Proof. This is motivated by [18, 36] . Consider part (a). Let F be the fiber of g. Let f : A → B be a TQ -acyclic strong cofibration. There is commutative diagram of sSet.
Two horizontal rows are both fiber sequences [23] . α, β are both weak equivalences implies γ is also a weak equivalence.
Consider part (b). This is because weak equivalence between fibrant towers · · · Hom(B, X 2 ) Hom(B, X 1 )
induce weak equivalence on homotopy limits.
Analogous to completion of topological spaces, there is TQ completion construction for O-algebras [26] . Let X be a cofibrant O-algebra, Hurewicz map X → U QX induces cosimplicial resolution X → C • (X) (showing only the coface maps)
Taking homotopy limit gives TQ completion map X → X ∧ TQ := holim ∆ (C • (X)) ≃ Tot(C • (X)) whereC • (X) is a Reedy fibrant replacement of C • (X).
Combining the idea of proofs in Proposition 2.5 and Proposition 2.6, one can show X ∧ TQ is TQ-local for arbitrary cofibrant O-algebra X. Analogous to the result for topological spaces where all simply connected spaces are Z-complete [8, 9, 10] , it is proved in [13] that the TQ completion map X → X ∧ TQ is a weak equivalence for all 0-connected O-algebras. Therefore, all 0-connected fibrant O-algebras are TQ-local.
Nilpotent O-algebras are TQ-local
As we have seen in Proposition 2.6, the class of TQ-local O-algebras is closed under taking homotopy fiber of maps and taking homotopy limit of towers. This suggests us studying TQ-local O-algebras via principal Postnikov towers.
Analogous to topological spaces, one can construct Postnikov towers for (−1)connected cofibrant O-algebras using small object arguments. (1) X · · · X 2 X 1 X 0 X −1 = * (a) For each n ≥ −1, X n is a cofibrant fibrant O-algebra.
(b) For each n ≥ −1, the structure map X → X n is (n+1)-connected. π k X n = * for all k ≥ n + 1.
(c) For each n ≥ 0, the structure map f n : X n → X n−1 is a fibration.
Proof. Here the Postnikov tower can be constructed using small object argument analogous to arguments in [11, 14, 17, 42] . Let I n be the set of n-connected generating cofibrations in Alg O and let J be the set of generating acyclic cofibrations in Alg O [25] . Start by setting X −1 = * . For each n ≥ 0, we inductively run small object argument with respect to I n+1 J to factor the map X → X n−1 in Alg O as X → X n → X n−1 . Then X → X n is a cofibration, X n → X n−1 is a fibration and π k X n = * for all k ≥ n + 1. By assumption, R and O[n] are (−1)-connected for each n ≥ 0, hence we get X → X n is (n + 1)-connected by homotopy excision theorem [7, 11, 14, 22, 41] .
Consider Postnikov tower of X as in diagram (1) . Say f n : X n → X n−1 is a principal fibration if X n is the homotopy fiber of some map X n−1 → K(π n X, n + 1), where K(π n X, n + 1) is an object in Alg O with π n X as the only nontrivial homotopy group concentrated on level n + 1. Say X n → X n−1 admits principal refinement if it can be factored as X n = M t → · · · → M 2 → M 1 → M 0 = X n−1 for some finite t such that for each 1 ≤ i ≤ t, M i is the homotopy fiber of some map M i−1 → K(G i , n + 1), where the G i 's are abelian groups.
It is well known that a topological space is simple if and only if it has a Postnikov tower of principal fibrations. Whereas a topological space is nilpotent if and only if it has a Postnikov tower which admits principal refinements (see for example [10, 28, 35, 36, 43] ). These properties motivate the following definitions. Definition 3.3. Let X be a (−1)-connected cofibrant O-algebra. We call X simple if X has a Postnikov tower {X n } where f n : X n → X n−1 is principal fibration for each n ≥ 0. We call X nilpotent if X has a Postnikov tower {X n } where f n : X n → X n−1 admits principal refinement for each n ≥ 0.
Note here in our definition n starts from 0. As a consequence, if X is simple, then X 0 is the loop object of some O-algebra. Also note our definition of nilpotent O-algebra is different from the notion in [12] . It follows from our definition that every simple O-algebra is nilpotent. Proof. We use the facts that every 0-connected fibrant O-algebra is TQ-local and that homotopy fiber of TQ-local objects is TQ-local. Start with X −1 = * being TQ-local, one can prove by induction to show X n is TQ-local for each n ≥ 0. Then we conclude X is TQ-local by Proposition 2.6 (b). Now we are able to obtain a TQ-Whitehead theorem for nilpotent O-algebras. This is closely related to corresponding TQ-Whitehead results in [12, 26] . 
